Large deviations in the reinforced random walk model on trees 



Yu Zhang 

Department of Mathematics, University of Colorado 



September 27, 2012 



Abstract 



In this paper, we consider the linearly reinforced and the once-reinforced random walk 
models in the transient phase on trees. We show the large deviations for the upper tails 
for both models. We also show the exponential decay for the lower tail in the once- 
reinforced random walk model. On the other hand, the lower tail is in polynomial decay 
for the linearly reinforced random walk model. 

1 Introduction. 

Let T be an infinite tree with vertex set V. Each v G V has 6+1 neighbors except a vertex, 
called the root, which has b neighbors for b > 2. We denote the root by 0. For any two 
vertices u, v G V, let e = [it, v] be its edge with vertices u and v. We denote by E the edge 
set. Consider a Markov chain X = {Xi,co(e,i)}, which starts at Xq = with cj(e, 0) = 1 for 
all e G E, where ui(e,0) is called the initial weight. For i > 1 and e € E, let Xj G V and 
let u(e,i) > 1 be the z-th weight. The transition from Xj to the nearest neighbor Xi + \ is 
randomly selected with probabilities proportional to weights uj(e, i) of incident edges e to Xj. 
After Xi has changed to X + i, the weights are updated by the following rule: 



for fixed c > 1. With this weight change, the model is called a linearly reinforced random 
walk. Note that if c = 1, then it is a simple random walk. 

The linearly reinforced random walk model was first studied by Coppersmith and Diaconis 
(unpublished manuscript (1987)) on the Z rf lattice. The main question of whether the walks 
are recurrent or transient still remains open for d > 2. Pemantle (1988) studied this model 
on trees and showed that there exists Co = co(b) > 4.29 such that when 1 < c < Co, then 
the walk is transient and when c > cq, then the walk is recurrent. Furthermore, Collevecchio 
(2006) and Aidekon (2008) investigated the behavior of h(X n ) on the transient phase, where 




1 + k(c — 1) for [Xi, Aj + i] = e and e had been traversed k times, 
w(e,i) otherwise 
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h(x) is denoted by the number of edges from the root to x for x £ T. They focused on 
c = 2 and showed that the law of large numbers holds for h{X n ) with a positive speed. More 
precisely, if c = 2, then there exists < T = T(b) < b/(b + 2) such that 

l im M^) =r . (1.1) 

By the dominated convergence theorem, 

l im E M^!il = T . (1.2) 

n— >oo n 

By a simple computation, the probability that the walks repeatedly move between an 
edge connected to the root is larger thann -0 * for some C = C(b) > 0. Therefore, 

n~ c < P(h(X n ) < 1), (1.3) 

so the lower tail of h(X n ) has the following behavior: 

n~ c < P(h(X n ) < n(T - e)) (1.4) 

for all e < T and for all large n. In this paper, C and Cj are positive constants depending 
on c, 6, e, iV, M, and 5, but not on n, m, and fc. They also change from appearance to 
appearance. From (1.4), unlike a simple random walk on a tree, we have 

lim ^ log P(h(X n ) < n {T-e)) =0 (1.5) 

for all e < T and for all r/ > 0. 

We may ask what the behavior of the upper tail is. Unlike the lower tail, we show that 
the upper tail has a standard large deviation behavior for large b. 

Theorem 1. For the linearly reinforced random walk model with c = 2 and b > 70, and 
for e > 0, there exists < a = a(b, e) such that 

lim ^— \ogP(h(X n ) > (T + e)n) = a. 



Remark 1. Collevecchio (2006) introduced the cut time r (see the definition in section 
2). He showed that (see Lemma 2.1 as follows) if b > 70, then 

Er < oo. (1.6) 

Here we need (1.6) to show Theorem 1. So we need the restriction that b > 70. We conjecture 
that (1.6) holds for all b > 2. Note that if (1.6) indeed holds for all b > 2, then we can release 
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the condition that b > 70 in Theorem 1. 

Durrett, Kesten, and Limic (2002) also investigated a similar reinforced random walk 
{Yk}, except that the weight changes by 



w(e,i + 1) 



c for [Vj, = e} 
w(e, i) otherwise 



for fixed c > 1. This random walk model is called a once-reinforced random walk. For the 
once-reinforced random walk model, Durrett, Kesten, and Limic (2002) showed that for any 
c > 1, the walks are always transient. In addition, they also showed the law of large numbers 
for h(Y n ). More precisely, they showed that there exists < S = S(c) < b/{b + c) such that 

Bm *SW - S. (1.7) 

n— s-oo ii 

We also investigate the large deviations for h(Y n ). We have the following theorem, similar to 
the linearly reinforced random walk model. 

Theorem 2. For the once-reinforced random walk model with c > 1 and for e > 0, there 
exists (3 = P(c, 6, e) > such that 

lim — log P(h(Y n ) >(S + e)n) = /3. 
n 

Remark 2. It is difficult to compute the precise rate functions a and f3. But we may 
obtain some properties such as the continuity in e for them. 

We may ask what the lower tail deviation for h(Y n ) is. Unlike in the linearly reinforced 
random walk model, the lower tail is still exponentially decaying. 

Theorem 3. For the once- reinforced random walk model with c > 1 and < e < S, 

< lim inf ^— log P(h(Y n ) < (S - e)n) < lim sup ^— log P(h(Y n ) < (S - e)n) < oo. 

Remark 3. Durrett, Kesten, and Limic (2002) also showed that (1.5) holds for a finitely 
many times reinforced random walk. We can also adopt the same proof of Theorems 2 and 
3 to show that the same arguments hold for a finitely many times reinforced random walk. 

Remark 4. We believe that the limit exists in Theorem 3, but we are unable to show it. 
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2 Preliminaries. 



In this section, we focus on the linearly reinforced random walk model with c = 2. We define 
a hitting time sequence {U} as follows. Let to = and tk-i be defined. Then 

tu = min{j > tk-i ■ h(Xj) = k}. 

Note that T > 0, so h(Xj) — > oo as j — >■ oo. Thus, is finite and 

= t < h < t 2 < ■ ■ ■ < t k < ■ ■ ■ < oo. (2.1) 

With this definition, for each k > 1, 

h(X tk )-h(X tk _ 1 ) = l. (2.2) 

We also define a leaving time sequence as follows. If po = and is defined, then 

Pi = max{j > /9j_i : h(Xj) > i}. 

Since the walk X is transient and is in T, 

= po < pi < ■ ■ ■ < p k < ■ ■ ■ < oo. (2.3) 

However, unlike the random walk model, {tj — ij-i} are not independent increments. So we 
need to look for independence from these times. To achieve this target, we call U a cut time 
if 

Pi-U = 0- (2.4) 
We select these cut times and list all of them in increasing order as 

= r < ri < • • • < Tfc < • • • . (2.5) 

Note that it is possible that, for k, 

pi — U > for i > k. 

In this case, we simply denote by = oo. However, we will show in the following lemma 
that Tk < oo almost surely for all k. By this definition, it can be shown easily (see page 97 
in Collevecchio (2006)) that 

(r fc+ i - T k , h(X Tk+1 ) - h(X Tk )) is an i.i.d. sequence. (2.6) 

Level k > 1 is the set of vertices v such that h(v) = k. Level is a cut level if the walk 
visits it only once. We also call Xk, the only visiting vertex, the cut vertex. It follows from 
the cut time definition that X Tk is a cut vertex. Define l\ to be the first cut level with the 
minimum distance from the root. Suppose that is defined for i > 1. Let 

li := min{j > Zj_i : j is a cut level}. (2.7) 
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With this definition, Collevecchio (2006) proved the following lemma. 



Lemma 2.1. For c = 2 and b > 70, 

P(/i > k) < 0.115 fc . (2.8) 

Furthermore, for po = 1002/1001, 

Erf < oo. (2.9) 

With Lemma 2.1, we can see that h(rk+i) — h(rk) is large with a small probability. Also, 
i~k+i — i~k is large with a small probability. However, to show a large deviation result, we need 
a much shorter tail requirement. Therefore, we need to truncate both h(rk+i) — h(rk) and 
Tfc+i — Tfc. We call Tk N-short for k > 1 if 

h(X Tk ) - hiX^) < N; (2.10) 

otherwise, we call it N-long. We list all TV-short times as 

= t (N) <n(N) < (2.11) 

If h(X n ) — h(X Ti l ) > N for all i > k, we simply denote it by r^(A^) = oo. Suppose that 
T fc (iV) < oo. We know that Tk(N) = T{ for some i. We denote it by T' k (N) = Ti-\. For iV > 0, 
let 

/„ = max{i : Tj(iV) < n} 

and 

/„ 

K{N) = Y,{h (X Ti{N) ) - h (X T , {N) )) . (2.12) 
i=i 

If i~k(N) <n< T k+1 (N), then 

K(N) < h (X Tk(N) ) < h(X n ) < h (X Tk+l(N) ) . (2.13) 
Now we show that h n (N)/n and h(X n )/n are not very different. 

Lemma 2.2. For e > 0, c = 2, and b > 70, there exist N = N(e) and d = Cj(e, N) for 
i = 1, 2 such that 

V(h(X n ) > h n (N) + ne) < d exp(-C 2 n). (2.14) 

Proof. If 

h{X n ) - h n {N) > en, (2.15) 
we may suppose that there are k many A^-long cut time pairs such that 



T 'h < T h < r' i2 < T i2 < ■ ■ ■ < t[ < Ti 3 ■■■T l ik <T ik <n<T, 



i k +l 
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with either 

k 

Y^KX T )-h(X T , )>en/2 (2.16) 

3=1 

where 

h(X n .) - h{X T , ) > N for j = 1,2,- •• ,k < n/N, (2.17) 

or 

h(X Tik+1 )-h(X Tik )>en/2. (2.18) 
For the second case, by (2.8) in Lemma 2.1, there exist Cj = Cj(e) for i = 3,4 such that 

P (h(X n ) > h n {N)+ne,h{X Tik+i )- h(X Tik ) > en/2) < C 3 nexp(-C 4 n). (2.19) 

Now we focus on the first case, with (2.16) and (2.17). For any fixed paired sequence 

< p[ < Pi < ■ ■ ■ < p'j < pj < ■ ■ ■ < v'k < Pk < n, (2.20) 

it costs (^k) *° fi x * ne -^-long cut time pairs = Pj and t[. = p'j , with 

h(X Pj ) - h(X p ,) > N 

for j = 1, • • • , k. For any fixed paired sequence 

< l[ < h < ■ ■ ■ < 4 < Ij < ■ ■ ■ < 4 < h < n, with lj -lj> N (2.21) 

for j = 1, • • • ,k, it also costs at most to fix the levels h(X n .) = lj and h(X T > ) = E. 
Thus, if (2.16) holds, we have 

k 

£&-4)>en/2. (2.22) 

Let L = {v € V : h(v) = l' k }, and let {Xn k (x)} be the linearly reinforced walks starting from 
x € L at time p'j in a subtree {v € T : h(v) > h(x)}. We also define li{x,p' k ) to be the first 

cut level starting from x at time p' k for walks {Xn k (x)}, similar to the definition in (2.7), 
where the walks are {X n }. With these observations, there are two fixed sequences in (2.20) 
and (2.21) such that 

P (h(X n ) > h n (N) + ne, (2.16) and (2.17) hold) 

n/N / \ 2 

n/N (nV 
k=i \ / xeh 

j = 1, • • • , k - 1, r' ik = p' k ,X Pk = x, T ik = p k , h(X Pk ) = l k ) 
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n/N I \ 2 

< E (1) Y.v^ 3 = Pv T> ] = p i 1 Mx P] ) = hMx p ,) = i' ] , 

j = 1, • • • , k - l,r- fc = j4, = x, > / fc - 4). 

By (2.6) and the definition of X P n k {x), 

{n 3 =Pj,T~i>. =p'j,h(X Pj ) = lj,h(X pl .) = lj,j = 1, ■■■,£;- l,X p , k =x| and {h(x,p' k ) > l k - l' k ) 

are independent. By translation invariance, l\ and li(x,p' k ) have the same distribution. So 
by Lemma 2.1, 

P {h{X n ) > h n (N) + ne, (2.16) and (2.17) hold) 

n/N I \ 2 

< E uJ E p K=^<=^^) = ^,^) = ^ 

3 = 1, • • • , k - 1, r' ik = p' k , X p , k = x)V(h >h~ l'k) 

n/N I \ 2 

< E (1) Y, F (^=P3'^=p' J ,h(X Po )=l 3 ,h(X p ,) = l>, 
k=l V K J xGL 

j = 1, • • • , k - 1, < = j/ fc) Xp, = x)0.115^ 

ji/JV / \ 2 

< E^j P(r Jj =P J ,4= P ;,M^) = / J ,i = l,---,fe-l)0.115^-^. (2.23) 
By (2.22), we iterate (2.23) to have 

n/N I \ 2 

V(h(X n ) > h n (N) + ne, (2.16) and (2.17) hold) < ^ ( ^ ) 0.115 m/2 . (2.24) 



v 2A: y 

By a standard entropy bound, as given in Corollary 2.6.2 of Engel (1997), for k < n/N, 

(2k) ^ ex P( 2nl °g N / N )- ( 2 - 25 ) 
By (2.25), if we take N large in (2.24), then there exist Q = Ci(e, N) for i = 4, 5 such that 
P (h n (X n ) > h n (N) + ne, (2.16) and (2.17) hold) < C 4 nexp(-C 5 n). (2.26) 
So Lemma 2.2 holds by (2.19) and (2.26). □ 

Let £ n (e) be the event that h(X n ) > n(T — e). From Lemma 2.2, if e < T/2, there exist 
N = N (e) and M = M (e) such that for all N > N and M > M , 

lim P(h n (N) < nT/2, SJe)) = 0. (2.27) 

n— >oo 



By (2.27), if N > N and M > M , then we can see that for each k, 

T k (N) < oo. 

In fact, we suppose that Tk(N) = oo for some k with a positive probability. Note that by 
(1.5), P(£ n (e)) converges to one as n — > oo. Note also that, by (2.27), there are Tn/2N many 
Ti(N)s such that 

n{N) < n 

with a probability near one as n becomes large. If n is large, this will be contrary to the 
assumption that T k (N) = oo for some k with a positive probability. So we know that for all 
large N = N(b), 

= To {N) < n(iV) < t 2 (N) < ■ ■ ■ < Tk(N) < • • • < oo. (2.28) 
By the definition of T k (N) and by (2.28), 

T k {N)-T' k {N)=T i -T i - 1 

for some i. So by (2.6), 

{ (r k (N) - T k (N), h (X Tfc(JV) ) - h (^(JV))) } is an i.i.d sequence. (2.29) 

Note that T k < T k (N), so we have 

= t < n < r 2 < • • • < r k < ■ ■ ■ < oo. (2.30) 

We also need to control the time difference such that r k (N) — r k (N) cannot be large. We 
call r k (N) M -tight for k > 1 if 

^(AO-^AO^M. (2.31) 

We list all M-tight iV-short cut times as 

r 1 (N,M),T 2 (N,M),---r k (N,M),---. 

Suppose that T k (N, M) < oo. We know that r k (N, M) = n for some i. We denote T k (N, M) = 
Ti-\. Let 

J n = max{i : n(N, M) < n} 

and 

Jn 

h n {N, M)=J2(h (X n (N,M)) ~ h ( X t!(N,M))) • ( 2 - 32 ) 
i=l 
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It follows from the definition in (2.32) that 

h n (N, M) < h n {N) < h(X n ). (2.33) 
The following lemma shows that h n (N,M)/n and h n (N)/n are not far away. 

Lemma 2.3. For e > 0, for N , and for each n, there exists M = M(e, N) such that 

K{N) < h n (N,M)+ne. 

Proof. If h n (N) > h n (N, M) + ne, we know that there are at least en/2N many {Ti(N)} 
such that 

n(N) - rl(N) > M. (2.34) 

If we take M > SNe' 1 , then 

In 

n>J2 ( T i( N ) ~ T i-i(N)) > Men/2N > n. (2.35) 
i=i 

The contradiction shows that 

h n (N) < h n (N,M)+ne. 

So Lemma 2.3 follows. □ 
By Lemmas 2.2 and 2.3, 

lim P(h n (N,M) < Tn/2,£ n (e)) = 0. 

n— too 

Note that P(£„(e)) is near one for large n, so there are at least Tn/2M many Tj(7V, M)s with 
Ti(N, M) < n that also have a probability near one for large n. Hence, Tk(N, M) = oo cannot 
have a positive probability for each k. Therefore, 

T\ (N, M) < t 2 (N,M) < ■■■T k (N,M) < ■■■ < oo. (2.36) 

By (2.36), we know that Th(N, M) = Tj for some i and 

r k (N,M)-r' k (N,M) = T l -T i _ 1 . 

Therefore, by (2.6), 

{(r k (N,M) -T k (N,M),h(x Tk[N , M) ) - h (X T , {N , M ))) } is an i.i.d sequence. (2.37) 
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3 Large deviations for h n (N,M). 

Now we state standard tail estimates for an i.i.d. sequence. The proof can be followed di- 
rectly from Markov's inequality. 

Lemma 3.1. Let Z±, ■ ■ ■ Z^, ■ ■ ■ , be an i.i.d. sequence with Eexp(#Zi) < oo for some 
9 > 0, and let 

S n = Z\ + Z>2 + • • • + z n . 

For any e > 0, there exist Ci = Cj(e) for i = 1, 2 such that 

P(S n > n(EZ 1 + e)) < d exp(-C 2 n), 

and 

P(S n < n(EZ 1 - e)) < d exp(-C 2 n). 



Let 

E(n) = A>1 and E (ti(N, M) — t[(N, M)) = A(N, M) 

and 

Eh (X T1 ) = B > 1 and E (h (x n(JV>M) ) - h (x t , (JV;M) )) = B(JV, M). 

We set 

n n 

T n = r n = J2(r k - n-i) and T n (N, M) = £ (r fe (7V, M) - r^(iV, M)) 
fc=i fc=i 

and 

n n 

H n = h(X Tn ) = (h(X Tk ) - h (X^J) and H n (N,M) = ]T (fc (X TfcWM) ) - (at.m))) 
fe=i fc=i 

By the law of large numbers, 

lim — = A and lim T ^ N ' M ^ = A (N, M) (3.1) 

n— >oo 7j n— s-oo 

and 

l im Ell = B and lim Hn( - N > M ^ = B (N, M). (3.2) 
If Ti < n < Tj+i, then 

^r,)<^<^r, +1 ). (3.3) 



Thus, 



n+i n 
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By (3.1) and (3.2), 



¥00 



Ti+1 i^oo n A 

So by (1.1), (3.4), and (3.5), 

Regarding B(N,M) and A(N,M), we have the following lemma. 
Lemma 3.2. For c = 2 and b > 70, 

lim A(N, M) = A and lim B(AT, M) = B and lim M j = 3 

N,M^oo 7V,M^oo N,M^oo A(N, M) 



Proof. Note that 



lim n (iV, M ) - t[ (N, M) = n . 



By the dominated convergence theorem, 

lim A(JV, M) = lim WtAN, M) - t[(N, M)) = En = A. 

N,M^>oo N,M— >oo 

Similarly, 

Therefore, Lemma 3.2 follows from (3.8), (3.9), and (3.6). □ 

Now we show that h n (N,M) has an exponential upper tail. 

Lemma 3.3. If c = 2 and b > 70, then for e > 0, there exist Nq = No(e) and Mq 
such that for all N > N and M > M 

P(h n (N, M) > n(T + e)) < d exp(-C 2 n), 

where C\ = Cj(e, N, M) for i = 1, 2 are constants. 

Proof. Recall that 

J n = max{i : n{N, M) <n}. 

So 

P(h n (N,M) > n(T + Be)) 
= P f E ( X n(iV,M)) - ^ (^(iV,M))) > n(T + Be)) 



vi=l 
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< p(£ (h (X Ti{NM) ) - h (X T , {N>M) )) > n(T + Be),J n <n [ B{N M) + e/2 

+p { J - >n {mKM) +e/2 

/n(T/B{N,M)+e/2) 

< P ( E { h ( X n(N,M)) ~ h (Xt>(N,M))) > < T + Be ) 
+P ( J " > K^M)) +£/2) 

= / + //. (3.11) 

Here without loss of generality, we assume that n(T/B(N, M) + e/2) is an integer, otherwise 
we can use \n(T/B(N, M)) + e/2)] to replace n(T/B(N, M)) + e/2). We will estimate / and 
77 separately. For /, note that by Lemma 3.2, there exist iVo = ^o( e ) an d M = M (e) such 
that for all N > N and M > M 

(n(T/B(N,M)+e/2) \ 
E {h(x n{N , M) ) -h(X T , {NM) )) \ <nT(l+B(N,M)e/2) < nT(l+2Be/3). 

Note also that by (2.10) and (2.37), 

j/i (^X Ti ( NM ^j ~~ h (-X'r^(JV,M))} i s a uniformly bounded i.i.d. sequence, 
so by Lemma 3.1, there exist Q = Q(e, TV, M) for i = 3, 4 such that 

Sn(T/B(N,M)+e/2) \ 

E (/i (X(;v,M)) - /» (^(at,m))) > n(T + Be) J < C 3 exp(-C 4 n). (3.12) 

Now we estimate II. By Lemma 3.2, there exist iVo = AT (e, 6) and Mo = Mo(e, 6) such 
that for all N > N and M > M 

p { Jn > n { b{n,m) ) + e/2 ) = P ( Jn > n ( A_1 ( Ar ' M ) + £ / 3 )) • ( 3 - 13 ) 

Note that 

(n(A- 1 (N,M)+e/3) ^ 

{jn>n(A~ 1 (N,M) + e/3)} C I E (ri(iV, M) - r- (TV, M)) < n I . (3.14) 



i=i 



Note also that 



n(A- 1 (AT,M)+e/3) 

E E fa W M ) - ^ M )) = n ( X + eA W M )/ 3 )' 

i=i 
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P \Jn > n 



+«/»)) 



and, by (2.37), {n(N,M) - r t '(iV,M)} is a uniformly bounded i.i.d. sequence, so by (3.13), 
and (3.14), and Lemma 3.1, there exist Cj = Cj(e, b, N, M) for 2 = 5,6 such that 
T 

< P ( J n > n(A-\N, M) + e/3)) 

(n(A- 1 (AT,M)+e/3) 
^ (Ti{N,M)-T[{N,M)) <n 

< C 5 exp(-C 6 n). (3.15) 
For all large TV and M, we substitute (3.12) and (3.15) in (3.11) to have 

P(h n (N, M) > n{T + e))<I + II < C 7 exp(-C 8 n) (3.16) 

for Ci = Ci(e, N, M) for i = 7,8. Therefore, we have an exponential tail estimate for 
h n (N,M). So Lemma 3.3 follows. □ 

Let 

L n = max{i : Tj < n} 

and 

h n = J2(h(X n )-h(X Ti _ 1 )). 

1=1 

By this definition, 

/i n < oo. (3.17) 
We show the following subadditive argument for h n . 

Lemma 3.4. For c = 2, b > 70, and for each pair of positive integers n and m, 
P(h n > nC)P(h m > mC) < nP{h n+m >{n + m)C), 

for any C > 0. 

Proof. By (2.28), there exists k > such that 

Tk<n< T k+1 . 

So 

K < h(X Tk ) < h(X n ) < h(X Tk+1 ). (3.18) 

Therefore, 

P(K >nC) < E E P f E ( h (X T] ) - KX^ )) > nC, T k = i,X i = x 

i<n x \j=l 

= EE P (M^) >nC,T k = i,X i = x) (3.19) 

i<n x 
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Let {X l n (x)} be the linearly reinforced random walks starting from x at time i in a subtree 
{ueT: h(v) > h(x)}. We can define t\, and h l m (x) for similar to the definitions of 

Tfc and h rn for {X n }. Note that the event of 

{h(Xi) > nC, T k = i,Xi = x} 

only depends on the configurations inside {y : h(y) < h(x)} and the time interval [0,i]. Note 
also that {h l m (x) > mC} only depends on the configurations inside {y : h(y) > h(x)} and the 
time interval [i,oo). So the two events are independent. On the other hand, by translation 
invar iance, 

P(/40*0 > mC ) = P ( h m > rnC). (3.20) 

Thus, 

P(h n > nC)P(h m > mC) 
^ J2T, P ( h (Xi)>nC,T k = i,X i = x)P(hi n (x)>mC) 

i<n x 



E E P { h ( X i) > nC, r k = i,Xi = x, hl(x) > mC) . (3.21) 

hU*) < C-iW- ( 3 - 22 ) 



i<n x 

Note that i < n, so 



By (3.21) and (3.22), 

P(h n > nC)P(h m > mC) 
^ E E P { h ( X i) Z nC, r k = i,Xi = x, hl^x) > mC) 



i<n x 



= Y. P (U{HXi)>nC,T k = i,X t = x,hl +n _ l (x)>mC}y (3.23) 

i<n \ x ) 

Note that for each x and i, 

\h{Xi) > nC,T k = i,Xi = x,/i^ +n _j(x) > mCj 

implies that the walks move to x at time i with h(x) > nC . After that, the walk continues to 
move inside {v € T : h(v) > h(x)} from x to some y at time n + m — i with /i(y) — h(x) > mC, 
and after time n + m — i, the walk does not come back to level h(y). Therefore, it implies 
that {h n+m > (n + m)C} occurs. In other words, 

[h(Xi) > nC, T k = i,Xi = X, /^n+n-iW > mC } c {K+m > {n + m)C}. 

Therefore, 

\j{h(Xi) > nC,r k = i,X i = x,/4 +n _i(x) > mC] C {h n+m > {n + m)C}. (3.24) 
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Finally, by (3.23) and (3.24), 

P(h n > nC)P(h m > mC) < nP{h n+m > (n + m)C). (3.25) 
Therefore, Lemma 3.4 follows from (3.25). □ 

By Lemma 3.4 and a standard subadditive argument (see (II. 6) in Grimmett (1999)), we 
have the following lemma. 

Lemma 3.5. For c = 2 and any b > 2, there exists < a < oo such that 

lim ^- log P(h n > (T + e)n) = a. 

4 Proof of Theorem 1. 

Note that for e < 1 — T, and for all large n, 

(^7 )" < P(h(X l+1 ) > h(Xi) for < i < n) < V{h{X n ) > n(T + e)). (4.1) 

Therefore, 

lim sup - log P(h(X n ) > n(T + e)) < oo. (4.2) 

n— too n 

Note also that 

P(h{X n ) > n(T + e)) 

< P(h(X n ) > n(T + e),h n (N, M) > n(T + e/2)) + P(h(X n ) - h n (N, M) > ne/2). (4.3) 

By Lemmas 2.2 and 2.3, for e > 0, we select TV and M such that 

P(h(X n ) > n(T + e)) < P(h n (N, M) > n(T + e/2)) + C\ exp(-C 2 n). (4.4) 

For iV and M in (4.4), we may require that N > Nq and M > Mq for Nq and Mq in Lemma 
3.3. By (4.4) and Lemma 3.3, there exist Cj = Cj(e, N, M) for i = 3, 4 such that 

P(M^n) > n(T + e)) < C 3 e X p(-C 4 n). (4.5) 

By (4.5), for e > 0, 

< liminf-logP(/i(X n ) > n(T + e)). (4.6) 

n— >od ji 

It remains for us to show the existence of the limit in Theorem 1. For each n and e > 0, 

P(h{X n ) > n(T + e)) < V P(max h{X t ) = I > n(T + e)). (4.7) 

i<n ^ n 
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On max t <„ h{X t ) = I, we may select to < n that is the smallest time such that h(X to ) = I. 
Therefore, 

P(max h(X t ) = l>n(T + e)) 

l<n 

= E E E P fe^t) = * > n(T + e),/t(X t0 ) = /, A to = v). (4.8) 

«GTto<n/<n ~ 

As defined in section 3, let be the linearly reinforced random walks starting from 

v at time to in a subtree {w G T : > Since the walks are transient, the walks 

in {w £ T : h{w) > h(v)}, starting from v at time to, will not return to v with a positive 
probability. We denote this event by Q(to,v) and this probability by P(Q(to,v)) = C > 0. 
By (4.7) and (4.8), note that Q(t ,v) and {max t < to h(X t ) = I > n(T+e), h(X to ) = l,X to = v} 
are independent, so 

CP(h(X n ) > n (T + e)) 
= E E E P = 1 ^ ri(T + e),h(X t0 ) = l,X t0 = v) P(Q(t ,v)) 

v€Tt <nl<n \ - n / 

^ E E E P f™M^) = />n(T + e),/ i (X t() ) = /,X t0 =v,Q(t ,v)) 



«eT([)<nKn 



to 

If 



E E P f U Uj^h(X t ) = l>n(T + e),h(X to ) = l,X to =v,Q(to,v))) . (4.9) 

; <n/<n \<;eT L " J / 



(max/i(X t ) = I > n(T + e), h(X to ) = I, X k) = v, Q(t ,v)\ 



occurs, it implies that the walks move to v at to < n with h{v) > n(T + e). After that, the 
walks continue to move inside {x € T : h{x) > h(v)} from v and never return to v. This 
implies that to is a cu t time and X to is a cut vertex with h(X to ) > n(T + e). So for t < 

{maxh(X t ) = l>n(T + e),h(X tQ ) = l,X t0 =v,Q(t ,v)\ C {^ >n(T + e)}. 
I t<to J 

Thus, 

|)(max/i(A t ) = />n(T + e),/i(A i0 ) = /,A t0 =v,Q(t ,v)) C {h to >n(T + e)}. (4.10) 

Therefore, by (4.9) and (4.10), 

P(h(X n ) > n(T + e)) < C^n £ P(/i to > n(T + e)). (4.11) 

to<n 

For to < n, we know that 

fcto < ^n. (4.12) 
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So by (4.11) and (4.12), 

P(h(X n ) > n{T + e)) < C _1 n 2 P(/i n > n(T + e)). (4.13) 
On the other hand, we suppose that h n > n(T + e). Note that if < n < r^+i, then 

h n = h{X Tk )<h(X n ). (4.14) 

By (4.14), 

P(K > n(T + e)) < P(h(X n ) > n{T + e)). (4.15) 
Now we are ready to show Theorem 1. 

Proof of Theorem 1. Together with (4.13), (4.15), and Lemma 3.4, 

lim -log P(h(X n ) > n(T + e)) = a. (4.16) 

n—^oo n 

By (4.2) and (4.6), 

< a < oo. (4.17) 
Therefore, Theorem 1 follows from (4.16) and (4.17). □ 

5 Proof of Theorem 2. 

Similarly, we define the same cut times n that we defined for the linearly reinforced random 
walk. We have (r^+i — Tfc, h(Y Tk ) — h(Y Tk )) as an i.i.d. sequence. We can also follow 
Durrett, Kesten, and Limic's (2002) Lemmas 7 and 8 to show that there exist Cj for i = 1, 2 
such that, for each k, 

PCnt+i - n > m) < Ci exp(-C 2 m) (5.1) 

and 

P(h(Y Tk+1 ) - h(Y Tk ) >m)<C 1 exp(-C 2 m). (5.2) 
By (5.1) and (5.2), similar to our approach the linearly reinforced random walk, we set 

n n 

k=l k=l 
By the law of large numbers, 

lim — = A and lim = B. (5.4) 

n— >oo tl n— >oo 77, 

With these observations, Theorem 2 can follow from the exact proof of Theorem 1. In fact, 
we may not need to truncate Tj to Ti(N,M) as we did for Theorem 1, since we can use (5.1) 
and (5.2) directly. □ 
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6 Proof of Theorem 3. 

Now we need to estimate P(h(Y n ) < n(S — e)). Let 

L n = max{i, r% < n} 

and let 

h n = J2(h(Y n )-h(Y n _ 1 )). (6.1) 

i=l 

By (1.7), (5.3), and an argument similar to (3.6), we have 

| = 5. (6.2) 

Since h n < h(Y n ), 

P(h(Y n )<n(S-eB)) 

< P(K < n(S - eB)) 

< p^(/ l (y Ti )-/ l (y Ti _ 1 ))<n(5- e ^. 



We split 



p(j2( h (Y n )-h(Y n _ L ))<n(S-eB) 



,i=i 



< P $>(y Tl ) - ^J) < n(S - eB),L n > n{SB- 1 - e/2) 



vi=l 



+P (L n < niSB- 1 - e/2)) 
= I + 11. 



(6.3) 



We estimate / nd II separately: 
1 = p(^(HY T J-h(Y n _ 1 ))<n(S-eB),L n >n(SB- 1 -e/2)^ 

(n(SB- 1 -e/2) \ 
2 (M^)-/ i (^_ 1 ))<n(5-6 J B)j . (6.4) 

Note that 

/«(SB- 1 -e/2) \ 

El ^ (M^J-M^))! =n(S-eB/2). (6.5) 
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Note also that by (5.2), {h(Y Ti ) — h(Y n i )} is an i.i.d. sequence with an exponential tail, so 
by Lemma 3.1 there exist Cj = Cj(e, B) for i = 3,4 such that 

I <C 3 exp(-C 4 n). (6.6) 

Also, by (6.2), 

/n(SB- 1 -e/2) \ / n(A _1 — e/2) 

// = p(L n <n(5r 1 -e/2))=P £ ( Ti - r^) > n j = P f £ fa - r^) > 
Note that 

n(A- 1 -e/2) 

E J2 (r i -r i _i) = n(l-eA/2). (6.7) 

i=l 

Note also that by (5.1), fa — Tj_i} is an i.i.d. sequence with an exponential tail, so by Lemma 
3.1, there exist Cj = Cj(e, 5) for i = 5, 6 such that 

// < C 5 exp(-C 6 n). (6.8) 

Together with (6.4), (6.6), and (6.8), there exist Cj = Ci(c,e,B) for i = 7, 8 such that 

P(/i(Y n ) < n(S - e)) < C 7 exp(-C 8 n). (6.9) 

From (6.9), 

< liminf — logP(/i(Y n ) < n(S-e)). (6.10) 
n 

If the walks repeatedly move in the edge connecting the origin in n times, we have the 
probability (^-) ra - Thus, for e < S and for all large n, 

(^T < P(h(Y n ) < 1) < P(h(Y n ) < n(S - e)). (6.11) 

So for e < 5, 

limsup^logP(ft,(Y n ) < n(S-e)) < oo. (6.12) 
Therefore, Theorem 3 follows from (6.10) and (6.12). □ 
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